It was shown recently that, beside the traditional Liouville action, other functionals appear in the gravitational action of two-dimensional quantum gravity in the conformal gauge, the most important one being the Mabuchi functional. In a letter we proposed a minisuperspace action for this theory and used it to perform its canonical quantization. We found that the Hamiltonian of the Mabuchi theory is equal to the one of the Liouville theory and thus that the spectrum and correlation functions match in this approximation. In this paper we provide motivations to support our conjecture. *
Introduction
Two-dimensional quantum gravity is an important toy model for its four-dimensional cousin because many computations can be carried out exactly, in particular quantum corrections due to the interaction between matter and gravity. Hence it is essential to precisely characterize the properties of this theory in its most possible general form.
The theory is especially simple when one considers only conformal matter. It was shown by Polyakov that the effective action in this case is given by the Liouville action [1] . A huge work has been provided for defining this theory, in particular for understanding the critical exponents [2, 3] , the spectrum [4] [5] [6] [7] [8] and the correlation functions [9] [10] [11] . This culminated in the conformal bootstrap of Liouville theory which demonstrated that it defines a consistent CFT for any complex central charge using a non-Lagrangian description [12] (see also [13] ).
Despite the fact that four-dimensional gravity is not scale invariant (and even less conformal invariant), the coupling of two-dimensional gravity to non-conformal matter has been mostly ignored in the literature. 1 The case of gravity coupled to a CFT perturbed by primary operators has been studied through the DDK ansatz (see for example [8, [15] [16] [17] ), but there are reasons to believe that this approach does not fit in the usual framework. Moreover nothing has been attempted until recently for genuine non-conformal field theories where the perturbation is not a primary operator (such as the mass term of a scalar field). In this case, it was shown that other functionals contribute to the gravitational action, in [18] [19] [20] for the massive scalar field (possibly with non-minimal coupling) and in [21] for a scalar field with a linear term.
The most prominent functional that arises in the gravitational action of non-conformal matter is the Mabuchi action (also called K-energy in the mathematics literature) [22] which modifies the dynamics of the Liouville field. For this reason the Mabuchi action is an essential element of a general two-dimensional quantum gravity and it is important to understand its physical properties by following the same program as for the Liouville theory -first for the pure Mabuchi theory, and then for the coupled Liouville-Mabuchi theory. The case of the pure Mabuchi theory is not only of academic interest since it is possible to tune the matter in order to obtain a pure Mabuchi gravity with a cosmological constant (at leading order) [23] . A first step has been taken in [23] where the 1-loop string susceptibilities in the Liouville-Mabuchi and pure Mabuchi theories have been computed.
The next natural stage is to find the spectrum of the pure Mabuchi theory. In order to tackle this problem we rely on the minisuperspace approximation where the quantum field theory is reduced to the quantum mechanics of a point particle. In general the dynamics of the zero-mode is sufficient to build the Hilbert space which is made from normalizable wave functions. We find that, in this limit, the Mabuchi Hamiltonian coincides with the Liouville Hamiltonian. As a consequence the spectra are identical in both theories. Using the results for the spectrum it is straightforward to provide an expression for the 3-point function in the semi-classical limit. These results were already reported in the companion letter [24] and the current paper provides additional details for the justification of the minisuperspace action. Indeed a rigorous derivation of the minisuperspace action and of the associated Hamiltonian requires a variable-area action, but the latter is not known for the Mabuchi theory. We provide several independent derivations relying on different assumptions of the minisuperspace action for the Mabuchi action: the fact that the results agree in all cases gives a strong support to our proposal. Finally we stress that this computation considers the Mabuchi action in isolation, and in particular without the area-dependent coupling constant arising from the matter, the reason being that this piece is not universal.
The paper is organized as follows. In section 2 we recall the formulation of the twodimensional quantum gravity in the conformal gauge and we describe the properties of the Liouville and Mabuchi actions in order to set the stage for the derivation of the minisuperspace action. We end this section by discussing the subtleties associated to the flat topology. Then in section 3 we comment the difficulties in computing rigorously the minisuperspace action and we give several derivations to motivate our proposal. Finally section 4 contains our main result on the spectrum of the Mabuchi theory which is obtained by performing a canonical quantization of the minisuperspace Hamiltonian. The minisuperspace study of the Liouville theory is recalled in appendix A. Appendix B derives the Hamiltonian of the full Mabuchi action using an ADM parametrization.
Quantum two-dimensional gravity
In this section we recall some properties of the two-dimensional quantum gravity. It is wellknown that the Liouville action corresponds to the effective action for gravity in presence of conformal matter, but when non-conformal matter is present other functionals contribute, such as the Mabuchi action [18, 19, 23 ] (see also [25] ). Since the functional integrals for gravity are not well-defined in Minkowski signature we will use the Euclidean signature in this section (under a Wick rotation the Lagrangians are related by L = −L E ).
Classical actions and partition functions
Let M be a 2-dimensional space with metric g µν with Euclidean signature and whose coordinates are denoted by σ µ . The matter fields are collectively denoted by ψ. The classical theory is described by the action
where S µ is the cosmological constant action, proportional to the area A[g] of the surface
The Einstein-Hilbert term is not included because it is a topological invariant
with χ being the Euler number and h the genus of the surface. The energy-momentum tensor associated to S m is defined by
The classical action is in general not invariant under Weyl transformations
If it is invariant then its energy-momentum tensor (2.4) is traceless T (m) = 0. The total partition function Z and the matter partition function Z m are
where Ω is the volume of the diffeomorphism group and S eff is the metric effective action induced from the matter. The subscript g of the measures indicates that they depend on the metric g. The quantum energy-momentum tensor is derived from the effective action
Conformal gauge
At the quantum level gravity becomes dynamical in two dimensions due to the fact that the quantum fluctuations of the matter fields induce an effective action S eff for the metric; unfortunately the computation cannot be performed in general. In order to make progress one can adopt a gauge to fix the diffeomorphisms and the simplest choice is the conformal gauge where the metric is decomposed into a dynamical conformal factor φ -the Liouville field -and a background metric g 0 g = e 2φ g 0 . (2.8) This gauge fixing cancels the factor Ω and leads to a Jacobian Z gh [g] represented by FaddeevPopov ghosts
The moduli τ are complex parameters that classify the Riemann surfaces of a given genus that are not conformally equivalent. They will play no role in the rest of the discussion and as such they will be ignored. Similarly the ghost contribution will be lumped inside the matter partition function. In order to distinguish quantities computed in the metric g and g 0 , the ones associated with the latter will have an index 0: for example A 0 is the area for the metric g 0 while A is the area for the metric g. The next step is to express the full partition function (2.6a) in terms of the matter partition function (2.6b) in the background metric
where the gravitational Wess-Zumino effective action for the Liouville field has been defined by
The main interest of the conformal gauge is that the dynamics of the φ and ψ fields are totally decoupled (as long as one ignores the moduli), as is obvious in the above expression, and both sectors are field theories on a fixed curved space. Correlation functions are then simply the product of the correlation functions in each sector and the problem simplifies drastically.
There is a freedom in the decomposition (2.8) of the physical metric into a conformal factor and a background metric: this amounts to the existence of an emergent Weyl sym-
The latter is equivalent to the diffeomorphisms in terms of the physical metric and thus should be preserved. The most important consequence is that the total action (Liouville and matter fields) should be a CFT on the background g 0 . Since every 2-dimensional manifold is Kähler, another parametrization of the metric g is possible in terms of the Kähler potential K. For this reason it is possible to trade the Liouville mode for the Kähler potential K [18, 19, 23] 
∆ 0 being the Laplacian associated to the metric g 0 . 2 For a given pair (A, K) this relation defines the φ uniquely (up to constant shift of K), and positivity of the exponential implies the inequality
The Kähler parametrization is very convenient because it can be used to write local actions that would otherwise be non-local in terms of the Liouville field (in the same way that actions non-local in terms of the curvature can be made local in terms of the Liouville field). The main drawback of this formalism is that it forces to work at fixed area, and subtleties may originate from this as we will find in the next section.
Effective actions
Various functionals appear in the gravitational action (2.11), the most notable ones (beside the area functional) are: 3 the Liouville functional, the Mabuchi functional and the AubinYau functional. The first one is well-known and describes the effective action when gravity is coupled to conformal matter only, while the other two appear when it is coupled to massive matter [18, 19] . Note that recently all these functionals have been used in the description of the fractional quantum Hall effect [21, 26] . The next subsections will describe and compare the properties of the Liouville and Mabuchi functionals in order to infer possible properties of the minisuperspace approximation.
Cosmological constant action
In the conformal gauge (2.8), the cosmological constant action (2.2) (also called the area functional) reads
The cosmological constant µ can receive quantum corrections and its value may differ from the classical one, but we keep the same symbol. The associated energy-momentum tensor is T 16) while the variation of the action is
(2.17)
Liouville action
The Liouville action is [1]
In the gravitational action it enters with a coefficient 1/b 2 proportional to the central charges of the matter plus ghosts, and it is the only contribution besides the cosmological constant if the matter is a CFT. The variation of the action is
The trace of the energy-momentum tensor reads 20) and the latter shows that the Liouville theory is a CFT since one can add an improvement term to the action to set the trace to zero [27] . This is in agreement with the fact that the matter is conformal, which implies that the Liouville action itself should also be conformal since the combined theory should be conformally invariant. Considering the Liouville theory defined at fixed area in the case where the matter is a CFT, the only contribution to the gravitational action is 
where the subscript A on the variation indicates that only variations of φ which keep the area fixed are considered. At variable area the cosmological constant enters into the expression of the gravitational action and the equation of motion is found to be
by combining (2.17) and (2.19). Identifying (2.21) and (2.22) leads to the relation
This relation also results from integrating (2.22) over the manifold and it can be seen in correlation functions upon performing the Laplace transform (which means that it holds not only on-shell, see [11, sec. 2] for the case χ = 2). In some way this relation encodes how to pass from the fixed to the variable area expressions in the Liouville case, and one may hope that it generalizes to the case of the Mabuchi action.
It is tempting to make the following identification (at least as a rough analogy)
This suggests that b and χ may play analogous roles 4 ; we will come back on this point later.
Mabuchi action
In the Kähler parametrization the Mabuchi action 5 reads [18, 19, 23, 26 ]
where the last term can be expressed in terms of K through (2.13). It was shown in [18, 19] that the Mabuchi action appears in the gravitational action of a massive scalar field (at leading order in a small mass expansion). The properties of this action have been further studied in [23] (see also [21, 26, 
app. F]).
It is not known whether the Mabuchi action defines a CFT but it seems unlikely to be the case: the non-conformal matter action is not invariant by itself while the total action should be invariant, and hence the non-invariance of the matter action should be compensated by the transformation of the Mabuchi action.
The equation of motion for K (or for φ at fixed A) is
It is the same equation as the one of Liouville (2.21).
Rescaling the Mabuchi action
In order to prepare the study of the minisuperspace it is necessary to rescale the Kähler potential and the Mabuchi action
such that the action reads
and the relation (2.13) becomes
In the rest of the paper we will omit the tildes on K and S M . Note that, introducing the dependence in the area, the above action can also be written as
This rescaling requires explanations since it is singular for χ = 0 (genus 1 surfaces), which is precisely the case we will be looking at in the following sections. We want to argue that this rescaling is necessary in order to get a consistent result:
1. The first point is that the kinetic term of (2.25) vanishes for χ = 0 which indicates possible pathologies. On the other hand the action (2.28) is canonically normalized. 2. Despite the fact that the relation between the fields is singular for χ → 0, the equations of motion, the Hamiltonian and the spectrum are well-defined even in the limit χ → 0.
3. The Kähler formalism itself presents other oddities. For example in [19] it was found that in the gravitational action the factors multiplying the Mabuchi (and Aubin-Yau) actions depends on A. As a consequence the equation of motion for the area (necessary to recover the full dynamics with respect to the Liouville field) contains the actions themselves, which is odd. More generally it is strange that what would be coupling constants in standard cases depend on a parameter that is integrated over in the functional integral. Another difficulty is to compute the energy-momentum tensor: taking the Liouville mode and the background metric as the independent variables, the relation (2.13) implies that the variation of K in terms of g 0 does not vanish (and similarly for A and A 0 ) and thus the variation of the action in terms of g 0 is involved.
4. Adding the cosmological constant term µA and using the expression (2.30) one directly finds the equation of motion for the area to be (2.23) it is possible that this relation holds at the level of the functional integral. This will be used in the next section to infer the possible minisuperspace action, where we will find other support for this procedure. 32) and this is also true of the factors in front of the Mabuchi action in [19] (in agreement with the comment at the bottom of p. 21 of [19] ). According to the previous point this would mean that every instance of χ/A could be replaced by −µ and this would remove the ambiguities described above (with this interpretation the apparent divergences discussed below (4.21) of [19] would be an artifact of the formulation).
The action (2.28) contains only the geometric quantities
6. There are various instances where the action and/or the fields are rescaled by a parameter that tends to zero. This procedure is used to extract meaningful information when the details of the system are smeared in the limit we are taking such that one needs to "zoom".
A simple example is the case of a dimensional reduction where the volume of the additional dimensions are taken to zero: since it multiplies the full action it is necessary to rescale the latter to obtain a non-trivial result. More generally this happens also when one rescales some variables by the volume of a non-compact manifold or by the number of degrees of freedom when the latter is taken to be infinite (e.g. in matrix models when scaling the coupling constants or the fields, see for example [28] ).
An example closer to our problem is the Liouville theory. Usually the Liouville action with a cosmological constant is written as (in particular when it is studied by itself)
where Q = 1/b or Q = 1/b + b depending on whether one is working with the action of section 2.3.2 or with the DDK/bootstrap action [2, 3, 11] . The above action is not well-defined in the semi-classical limit b → 0: for this reason one needs to perform the rescaling
This should be compared with (2.27). Moreover it should be noted that the semiclassical limit is part of the minisuperspace approximation [11, sec. 5] (remember also the comment at the end of section 2.3.2).
The form of the minisuperspace approximation of the unscaled action (2.13) can be found in appendix B and is seen to not give a meaningful result.
7. One could have considered to rescale by −πχ instead in order to make the kinetic term positive definite, but one would find that the Hamiltonian is not positive definite -see (B.13) and the comment below (3.17) -and the identification (2.23) would not hold for the potential. Moreover as argued in point 5) one should not take too seriously the negative sign in front of the kinetic term since the coupling constant is also negative for χ < 0: then the replacement (2.23) would make the combination positive for all genus.
Even if none of these arguments is sufficiently rigorous to prove alone that the rescaling is well-defined, the convergence of these arguments gives support to this idea and points more toward the fact that the various pathologies are not genuine but rather due to the formalism. Since there is no other formalism at our disposition we will use the action (2.28) as our starting point. Finally the action (2.28) will be modified a last time to
where a trivial term has been added. In terms of the Liouville mode it means that one can shift the field φ by a constant term without changing anything, while in terms of the Kähler potential it becomes a constant term and a boundary term. Moreover the addition of this term makes the variation of the action better defined since it cancels a boundary term proportional to the normal derivative of δK, which does not vanish (in the same way that one is adding a Gibbons-Hawking-York term in general relativity). The Hamiltonian of this action is computed in appendix B.
Computations of the minisuperspace Hamiltonian
The goal of this section is to motivate the action we proposed in [24] for describing the minisuperspace approximation of the Mabuchi action (2.35) in order to proceed to its canonical quantization in the next section. This action 7 reads (in Lorentzian signature)
together with the relation between φ and K
and its Hamiltonian is equal to the one of the Liouville theory (in the minisuperspace approximation)
Π being the conjugate momentum of φ. Due to various pathologies of the formalism (explained in sections 2.4 and 3.1) we are not able to give a rigorous derivation of this result. Nonetheless we present three computations of the Hamiltonian (3.3) that all rely on different (mild) assumptions and for this reason we believe that together they provide a support for our conjecture. Moreover since the action (3.1) reproduces the main characteristics of the Mabuchi action (2.25) (standard kinetic term for K and potential in φ e 2φ ) it is expected to capture the main features of the zero-mode dynamics in the Mabuchi theory. Hence, even if a rigorous derivation can be performed only by starting with a variable area action which is not known, one is still able to make progress.
The first subsection explains the various subtleties of the minisuperspace approximation while the other ones present the different derivations.
Minisuperspace approximation
The minisuperspace approximation consists in studying only time-dependent Kähler potential and Liouville mode
φ(t, σ) = φ(t), K(t, σ) = K(t). (3.4)
In order to single out a globally defined time direction (global hyperbolicity) for the Hamiltonian formalism, the background spacetime is taken to be a cylinder I × S 1 where I is an interval of length T . This cylinder is obtained from the torus T 2 by unwrapping one of its dimension. This direct product structure implies that the spacetime is flat
The physically-relevant case is when time is non-compact with T → ∞ and I = R (the infinite cylinder can also be obtained by taking the radius of one of the torus circle to infinity). Unfortunately several difficulties arise from the fact that the Mabuchi action is formulated at fixed area, and that it depends on χ and A 0 = 2π T . For this reason one needs to be careful when taking the limits. 7 Note that for =K 8πµ the second term of this action corresponds to the one of the flat (or BMS) Liouville theory in the minisuperspace approximation. The latter corresponds to the asymptotic theory of 3d Minkowski M 3 in the same sense that the usual Liouville theory is the asymptotic theory of adS 3 [29, 30] .
The dynamical variables in the fixed area formalism are K and A and they do not include A 0 . Since the background metric g 0 results from a gauge choice, it can be chosen such that A 0 has some specific value (in particular the area A 0 does not appear in the equation of motion). For these different reasons it is expected that one can take A 0 → ∞ (corresponding to T → ∞), independently of the value of A which can be kept finite. Note that this limit is taken by changing the ranges of the coordinates as described above and not the components of the metric: for this reason g 0 is kept fixed while taking the limit. 8 This may introduce some spurious singularity in φ but this will be of no importance for our study. In any case working at variable area is necessary in order to have a non-trivial dynamics in the minisuperspace: starting with the Liouville action (2.18) one finds that the minisuperspace Hamiltonian reduces to a free field Hamiltonian. Below we will find the same result for the Mabuchi minisuperspace Hamiltonian.
In a second step we impose that the curvature vanishes since the spacetime is flat, R 0 = 0. A potential problem can arise because χ = 0 for flat space, but the Lagrangian is singular in this case. Two different solutions are possible. The first one is to consider a singular φ such that 6) in which case R 0 = 0 does not imply χ = 0. One is then forced to work with patches in order to deal with the singularity of φ: as explained above we do not work directly with the value of φ in this paper and this should be of no consequence. The second solution is simpler: from the relation
which is valid for constant R 0 , one sees that χ can take a non-zero value if one takes the limits A 0 → ∞ and R 0 → 0 simultaneously such that the product is constant (this is a form of double scaling limit). We will adopt this view in section 3.4 and we will formally work with χ = 0. Another motivation for keeping χ arbitrary until the end is the fact that the operations of taking a limit in the Lagrangian or in some quantity computed from it may not commute. The Liouville theory again provides an example: it is well-known that one should not set R 0 = 0 in the Lagrangian before computing the energy-momentum tensor for the flat space case g 0 = η since the variation of this term gives a non-vanishing contribution in the limit R 0 → 0. So one should avoid to take limits directly in the Lagrangian if one is not sure of the effect this will have when computing other quantities.
Finally the question of the Wick rotation needs to be addressed since a positive definite Hamiltonian requires the signature to be Lorentzian. Note that compact spacetimes with Lorentzian signature are perfectly well-defined and it can be convenient to use them at intermediate stages of computations. For example it is frequent in QFT to consider "spacetime in a box" in order to regulate IR divergences, before taking the infinite limit volume. Moreover the equation of motion for the Liouville mode has the same form (2.22) in both Euclidean and Lorentzian signatures. Hence the relation (2.23) also holds and indicates that classical solutions have finite area A even in Lorentzian signature except possibly if χ = 0 at the same time. For these reasons it is fine to first perform the Wick rotation of the action and later to consider the infinite area limit.
First derivation: infinite area and flat limits
Gathering all the previous elements, the relation (2.29) between the Liouville and Kähler fields becomes e 2φ = − A 2πχK . (3.8) and the minisuperspace action of the Mabuchi action (2.35) reads
The overall minus sign comes from the Lorentzian signature and we have set R 0 = 0 while the integration over the spatial direction has provided a factor 2π. It is straightforward to check that the variation of (3.9) agrees with the minisuperspace approximation of (2.26)
Since the action (3.9) does not depend on K it is possible to reduce it to a first order action by consideringK as the canonical variable. 9 The conjugate momenta P reads
It is necessary to invert this expression (3.12) in order to compute the Hamiltonian
Comparing the relations (3.12) and (3.8) shows that P can be identified with φ. Performing a canonical transformation to exchange position and momentum
where Π is the canonical momentum associated to φ, provides the Hamiltonian
It is straightforward to check that the equations of motion (3.10) follow from this Hamiltonian. At this point it is possible to set χ = 0 (which is well-defined) and to add the cosmological constant term 10 to find (3.3) which corresponds to the minisuperspace approximation of (2.22) which is also expected for the Mabuchi theory following the comments in section 2.4. One may be surprised to start with a Lagrangian (3.1) containing a negative-definite kinetic term and to end with a positive-definite Hamiltonian (3.16) . This is a consequence of the presence of higher-derivatives: the Π 2 term comes entirely from the −L M term which explains why it has the correct sign, compared to the standard computation in the absence of higher-derivatives where the first term contributes typically with an opposite sign and is twice bigger. In particular one can see here that rescaling with −πχ to get a positive-definite kinetic term in the Lagrangian would have lead to a negative-definite Hamiltonian.
The consistency of these computations can be checked by following the same approach with the Liouville action (2.18) at fixed area: the minisuperspace Hamiltonian of the latter is simply H L = p 2 /2 which coincides with (3.15) when χ = 0, and the full Hamiltonian (A.4) is recovered by adding the cosmological constant.
Second derivation: Legendre transformation
It has been observed in [32] that the kinetic and potential terms of the Mabuchi action are respectively Legendre dual to the kinetic term of the Liouville action and to the cosmological constant potential (the kinetic terms including the linear piece). Despite the fact that this relation did not receive any explanation it gives a simple consistency check of the other derivations: we will apply it in the minisuperspace approximation and show that the resulting action corresponds to (3.1).
Let's define from (2.18) and (2.25)
(the 2π in the second term comes from integrating over S 1 , since the cosmological constant is not normalized) along with the Legendre transforms of these functions
We need to extremize the above functions with respect to φ and plug back the result. 
Let's apply the same procedure to V L :
The solution reads
and defining againφ = −k one obtains
Note the presence of a boundary term.
The final action that we obtain by gathering both terms is
This action is the same as (3.1) upon the identification k = K and thus it will yield the Hamiltonian (3.16). Note that it naturally incorporates the boundary term from (2.35) and the relation (2.23).
Third derivation: Ostrogradski formalism
In order to generalize the computation of section 3.2 we will consider the case where A 0 = 2πT and R 0 are kept finite (generalizing the idea that one should not set terms to zero directly in the Lagrangian). In this case the Lagrangian is of higher order in the derivatives and one needs to use the Ostrogradski formalism (see [33] for a recent review). The more general case starting with the full Lagrangian can be found in appendix B. The Mabuchi action (in Lorentzian signature) in the minisuperspace approximation (no spatial dependence) is
The canonical variables are taken to be (K, P) and (K, P ) where the conjugate momenta are
In particular we can invert the first relation to findK in terms of the canonical variablë
Moreover, comparing this expression with (3.27) one finds P = φ. The Hamiltonian reads
The canonical transformation
can be performed in order to express the Hamiltonian (3.30) in terms of the Liouville field
It is shown in appendix B that this minisuperspace Hamiltonian can be obtained as a limit from the full Hamiltonian computed through an ADM parametrization of the metric. The Hamiltonian is well-defined for χ = 0 and R 0 = 0 and it reduces to 33) noting that in this case it is not necessary to take the limit A 0 → ∞. After performing the canonical transformatioñ
the Hamiltonian reads (omitting the tildes)
Adding the cosmological constant gives finally
Hence one recovers Liouville Hamiltonian plus a free (ghost) term. The interpretation of this additional ghost field with respect to the other methods is not clear but it can be expected that it is just an artifact of the fixed area formalism.
Minisuperspace canonical quantization
The minisuperspace approximation is well-suited to determine the Hilbert space of the theory as the latter can be found by studying the dynamics of the zero-mode only, which simplifies greatly the canonical quantization of the action. Through several changes of variables we argued that the Mabuchi and Liouville Hamiltonians are equal, implying that the Mabuchi spectrum is identical to the Liouville spectrum. We review the results presented in our letter [24] . The spectrum of Mabuchi theory is determined through the canonical quantization
It coincides with the minisuperspace quantization of the Liouville theory [5, 8, 34] and we highlight the main features, while we refer the reader to the literature for more details (see [35, 36] for recent accounts). The stationary Schrödinger equation reads 2) where the definition of the eigenvalue is conventional, and this provides the differential equation
It corresponds to the modified Bessel equation whose solutions are
The second linearly independent solution has been removed because it blows up at φ → ∞ and the normalization has been chosen such that the incoming plane waves have unit coefficient as φ → −∞. The factor
is interpreted as a reflection coefficient in the Liouville theory, but its interpretation in terms of the Mabuchi action is not clear. Moreover it can be seen that wave functions with ±p are not independent.
Additional constraints such as normalisability are needed in order to restrict the eigenvalues. In particular the states of the physical Hilbert space need to be (delta-function) normalizable under the canonical inner product. It can be seen that this condition is fulfilled only for p ∈ R
It can also be checked that the states with p ∈ R form a complete basis.
Since it is not clear if the Mabuchi theory defines a CFT we do not link these eigenvalues to conformal weights as for the Liouville theory (see appendix A). In particular the unitarity condition is not clear and hence we do not comment the status of the states with p ∈ iR (recall that some of those play a physical role in 2d Liouville gravity).
As a consequence the operators and the associated eigenvalues are identical in the Mabuchi and Liouville theories. On one hand it is not surprising due to the fact that the classical equations of motion are identical, but on the other hand it is highly non-trivial that the very complicated action (3.1) reduces to the Liouville Hamiltonian after performing suitable changes of variables. Without the identification of the momentum P to the Liouville mode it would have been very difficult to extract the wave functions for φ.
Finally the semi-classical limit of the 3-point function can be read from the minisuperspace
where we defined 2p =
Of course this result agrees with the Liouville theory in the minisuperspace approximation, but discrepancies will certainly appear beyond the semi-classical limit.
Conclusion and discussion
In this paper we have given support for the form of the Mabuchi action in the minisuperspace approximation which had been proposed in [24] . Using this action we could derive the spectrum of the Mabuchi theory and show that it is the same as the one of the Liouville theory. The next step is to study the minisuperspace of the coupled Liouville-Mabuchi theory, and more particularly by taking into account the precise coefficients related to the matter content. To this aim the gravitational action for a massive scalar field on a cylinder computed in [37] can be used. A major goal is to define more completely pure Mabuchi theory -and even more importantly the Liouville-Mabuchi theory -, in particular by performing a more complete quantization. Moreover the knowledge of the spectrum now provides a natural set of operators for which to compute the correlation functions, a question that was still open. Finally it would be gratifying to design a formalism that allows to extend the definition of the functional to variable area in order to give a rigorous proof of our results. We hope to come back to these topics in future works. hospitality during part of this work, and H.E. acknowledges support from Cefipra under project 5204-4. The work of E.E.S., made within the Labex Ilp (reference Anr-10-Labx-63), is supported by French state funds managed by the Agence nationale de la recherche, as part of the program Investissements d'avenir under the reference Anr-11-Idex-0004-02.
A Liouville theory: minisuperspace
In this section we recall the main formulas for the minisuperspace analysis of the Liouville theory (2.18) with a cosmological constant (2.15) (we will denote the sum by S L for simplicity) [5, 8, 36] . In the minisuperspace approximation
the action reads
The conjugate momentum
is used to construct the Hamiltonian
We do not repeat the analysis of the quantization given in section 4. In order to interpret the spectrum it is necessary to bring the theory back to the plane. The Hamiltonian on the latter is given by the dilatation operator L 0 +L 0 and the associated wave functions are solutions of
where ∆ is the conformal weight. Through a conformal transformation the Hamiltonians on the plane and on the cylinder are related by
(the last factor corresponds to a zero-point energy), c being the central charge of Liouville theory
Comparing these equations with (4.2) teaches that the conformal dimension is related to p by
Moreover the states V p = e 2ipφ on the cylinder are mapped to states V a = e 2aφ on the plane where the relation between a and p is
Since the Liouville theory is unitary the conformal weights should be positive, i.e. ∆ ≥ 0, which implies p ∈ R + or p ∈ i[0, Q/2) (only half of the intervals are considered as a consequence of the reflection).
In the Liouville theory the generalization of the formula (4.8) computes the semi-classical approximation to the DOZZ structure constant C(a 1 , a 2 , a 3 ) with the following weights [35] 
B Complete Mabuchi Hamiltonian
In this section we consider the Mabuchi action where the Liouville field has been replaced using (2.13)
where = ±1 is used to consider both Euclidean and Lorentzian signatures. Moreover the parameter is used to consider both the unscaled and the scaled actions simultaneously: = 1 corresponds to (2.25) (with the boundary term) and = (πχ) −1 to (2.35). The strategy for computing the Hamiltonian is to perform first an ADM decomposition [38] of the metric in order to extract the time derivative of the Kähler potential before using the Ostrogradski formalism [33] since the action is of second order in time. Note that the background metric g 0 is fixed and for this reason its components are not dynamical. In particular it is not necessary to decompose the curvature R 0 and to apply the full ADM formalism.
The ADM decomposition of the metric is
where ρ, N and M are functions of the coordinates (note that the matrix part is flat). This decomposition is valid locally and the topology is hidden in the coordinates [31] and in the values of the conformal factor ρ. In particular the latter has to be singular if χ = 0 since
where ∂ 2 is the flat Laplacian. Nonetheless we will not work directly with its value and the fact that it contains singularities does not matter.
The squareroot of the metric determinant is
The Laplacian is
The kinetic term of the action (B.1) is
It is not needed to decompose the curvature R 0 because only K is dynamical, not the background metric g 0 . Now one can apply the Ostrogradski formalism. The independent variables 13 are {K,K} with conjugate momenta {P, P } Moreover the above expression can be used to solve forK in terms of the canonical variables using (B.5). The second momentum P is
(B.12) Ultimately one finds the Hamiltonian
(B.13)
Several limits can be taken from this Hamiltonian (from now on = −1). In particular in the flat gauge N = 1, M = 0, ρ = 0, (B.14)
but keeping R 0 , χ = 0 for comparison, one finds .15) in the absence of spatial dependence. For = 1 this Hamiltonian has no particularly meaningful limit R 0 , χ −→ 0, and in particular it contains a term linear in φ which could lead to an instability. On the other hand for = (πχ) −1 one recovers (3.32), and from there one can recover (3.3) in the limit R 0 , χ −→ 0.
